A varying external field approach in QCD sum rules is formulated in a systematic way to treat the weak decay form factors and their q 2 dependence in the process of B → ρ ℓν ℓ . From the form factor sum rules, we can also obtain the mass sum rules for B and ρ mesons, which can help us determine the reliable Borel windows in studying the relevant form factor sum rules.
I. INTRODUCTION
Semileptonic decays, because of their simplicity, provide an excellent laboratory where physicists can study the effect of nonperturbative QCD interactions on the weak decay process. A detailed understanding of these processes is also essential for determining the magnitudes of CKM quark-mixing matrix elements.
The weak decay form factors of B → ρ ℓν ℓ have been calculated by using various approaches. However, the results obtained from the traditional sum rules [1] by considering a three-point correlation function with suitable interpolating current seem to conflict seriously with others' theoretic results, such as light-cone sum rules [2, 3] , lattice simulations [4] , quark models [5] [6] [7] [8] [9] , and the external field approach of QCD sum rules [10] . Recently, Ball and Braun [11] re-examined such a process by studying the light-cone sum rules with the modified ρ meson wave functions. In their study, all of the soft (non-perturbative) parts are absorbed into the ρ meson wave functions. The accuracy of their results is dependent on the shape of the wave functions. Similarly, within the pQCD approach [12] , the light meson is described by a phenomenological model function which can be taken, e.g., from QCD sum rules.
In this work, we shall use the varying external field approach of QCD sum rules which has been developed earlier [10] to re-examine the weak decay form factors for B → ρ ℓν ℓ with a complete calculation. This approach, in spirit, is similar to Ref. [13] . We will present the idea of the induced condensates and show how the induced condensates enter the sum rules. In the calculation we find an additional contribution from the induced condensates, which was ignored in Ref. [10] . Consequently, the A 1 form factor will obtain an additional 10% contribution from the induced condensate, while the other form factors will not. In addition, we also propose a reliable method that can be used to determine the Borel windows in studying the relevant form factor sum rules.
The rest of this paper is organized as follows. The concept of the induced nonlocal condensates will be formulated in the part (a) of Sec. II. In the part (b) of Sec. III, the external field approach of QCD sum rules will be set up to investigate the various decay form factors of B → ρ ℓν ℓ . In Sec. IV numerical results and discussion are presented. Sec.V contains a brief summary.
II. THE METHOD
A. Quark propagator in the presence of an external variable field
The quark propagator in the external vector (axial vector) field is described by the additional term, ∆L 1(2) , in the Lagrangian.
or
where
Here V α (A α ) and q α are the amplitude and momentum of the external vector (axial-vector) field, respectively, b stands for the b quark field operator, and u is for the u quark field operator. Hence the quark propagator depicted in Fig 
with the notation . . . ≡ 0| . . . |0 . Here a and b are the color indices while α and β the Lorentz indices. The first term depicted in Fig. 1(b) , on the right hand side of Eq. (4), can be calculated from perturbation theory, while the second term depicted in Fig. 1(c) is the induced condensate defined through this paper. Neglecting the radiative corrections, we
Using the identity [10] :
we now project out Eq. (5) on the Dirac matrix basis 1, γ 5 , γ ρ , γ ρ γ 5 , σ ρτ . Thus the induced condensate (the second term on the right hand side of Eq. (4)), with the aid of Eq. (6), is
or :
with
and
Here Γ is the generic notation for the Dirac matrix basis 1, γ 5 , γ ρ , γ ρ γ 5 , σ ρτ and the pathordered gauge factor is implied by
In the case of the fixed-point gauge (the Fock-Schwinger gauge) x µ A µ (x) = 0, this factor is equal to unity.
B. The Derivation of QCD Sum Rules
For the form factors of B → ρ ℓν ℓ , we consider the following two point Green's function in the external variable vector field V or axial-vector field A:
where . . . ≡ 0| . . . |0 , j µ =dγ µ u and j
The interaction with the external vector field is described by the additional term, ∆L, in the Lagrangian as shown in Eqs. (1) and (2) . In the following calculation we consider only the amplitude of Π V(A) µν linear in the external field V(A). Generally speaking, the coefficients of tensor structures Π i in T µν can be expressed as a double dispersion relation form:
where the subtraction terms have the form
One finds that such a contribution from the subtraction terms is of no importance since, after performing the double Borel transform, all of the subtraction terms, P 1µν , P 2µν , and 
The hadronic side of Eq. (14) is represented as a sum over the hadronic states. If the Borel masses are chosen properly, the hadronic side of Eq. (14) will be dominated by the lowest hadronic states with the contributions from the higher states and the continuum suppressed.
At the hadron level (the right hand side), the spectral function of Π A(V) µν can be written as
where the higher states start from a higher enough value, s Here we have adopted the definitions
in the BSW parametrization [6] . At the quark-gluon level, the Eq. (14) can be alternatively written as
where [10, 15] 
and S baV(A) ub
is shown in Eq. (4) but also in the background gluon field. Here we have used the fixed-point gauge, x µ A a µ (x) = 0 [15, 10] for the gluon field and
The Feynman integral for the bare loop can be written as
where m 
and the corresponding integration region Ω, which can be solved via the Landau equation, is specified by s ′ > 0 and s > m
may be additional contributions to the above integral because of pinching of the singularities on non-physical sheets [1] . However, at the hadron level, the contribution from the higher states is approximated by the perturbative part, which starts from the thresholds s (14), we obtain
[17]
where 
where the coordinates are Euclidean (x
E ) is the Euclidean space-time correlation function of the vacuum quarks. Our choice of the vacuum function is
where m 2 0= − g sq σ µν G µν q . In this paper, we have adopted the convention
) of the vacuum quarks is of the monopole form
Since x 2 has been assumed to be spacelike, we have x 2 E = −x 2 ≥ 0. This choice leads to the empirical sea-quark distribution [18] . By using the bilocal condensate parametrized above to Eq. (9), we obtain the relevant induced condensate in our study as
In the following calculation, we adopt the approximation e β 4
x 2 (1−u) ≈ 1 since x 2 ≈ 0. Thus we obtain the contribution of the induced condensate, as shown in Fig. 2(b) ,
and 
Note that the contribution of the induced condensate in Eq. (35) was ignored in Ref. [10] .
The contribution of induced condensates as shown in Fig. 2(c) is given by
where we have approximated the non-local induced condensate as a local one and the defi-
Similar to the case of two-point sum rules, we can write down χ V(A) as a dispersion relation form,
and further adopt the simple model:
The final values of χ V(A) are
6 , and d 
III. RESULTS AND DISCUSSION

A. The determination of Borel windows
In numerical analyses of form factors, people usually assume, according to the empirical observation [19] , that the suitable region of sum rules is at values of Borel masses twice as large as that in the corresponding two-point functions [1, 20] and thus extract results from larger Borel mass regions. However, we will provide a detailed analysis to show that such choice is not always correct.
To obtain reliable Borel windows in which the form factor sum rules may be safely used in the analysis, we apply the differential operator −M ′4 ∂ ℓn/∂M ′2 to both sides of Eq. (39) and then obtain the ρ mass sum rule, which is free of the parameters g ρ , f B , and the form factors (A 1 , A 2 , A, or V ). This procedure is usually used in analyzing the mass sum rules in the two-point Green's function approach [21, 15] . Analogously, we also obtain the ρ meson mass rules from Eqs. In the numerical analysis, we use the the following set of parameters:
where m b is a pole mass. The heavy quark condensate will be dismissed through this paper.
To further improve the validity of the derived QCD sum rules, we have performed the following replacements:
Λ=100 MeV, µ=500 MeV, and b = 11 − 2n f /3 with n f being the number of unf rozen quark flavors. Note also that region
, where R is the confinement radius, exists an anomalous dimension 2/b for both of the current operators [22] [23] [24] ,bγ ν γ 5 q andbγ ν q. In our numerical analysis of B meson decay form factors, the sum rules are studied at 
Consequently we find that
are the reasonable choices through this paper. The resultant masses are m ρ =0.787±0.065
GeV and m B =5.11±0.18 GeV. The detailed results are collected in Table I . As examples in Fig. 3(a) and Fig. 3(b) , we plot the ρ mass and B mass (extracted from Eq.(39)), respectively, as a function of M 2 and M ′2 . Obviously, the study of both of the ρ and B mass sum rules is a gauge to understand the reliability of performing further numerical analyses on the form factors. In concluding this subsection, we will to discuss two "traditional" sum rule calculations by considering a three-point correlation function in the existing literature:
The first is the work in Ref. [1] in which the authors use the vector currentdγ ν u and the pseudoscalar currentbγ 5 d as the interpolating fields for the ρ meson and for the B meson, respectively. For the form factor A 1 , they obtain the following sum rule:
where λ is defined as before. From their A 1 sum rule, one can extract, following the procedure shown as above, the ρ meson mass sum rule. The result is illustrated in Fig. 4(a) , from which we see that their result of ρ mass sum rule is not so stable as to determine the suitable Borel windows. Moreover, one can easily find that once a Borel window is determined, the resultant ρ mass from their A 2 or V sum rule is twice as large as that from the A 1 sum rule.
Note that if we adopt the varying external field to do the calculation again, we find that various induced condensates may enter complicatedly the sum rules for A 1 , A 2 , and V and the contribution from induced condensates becomes a little big. Thus the estimate of the sum rule is less reliable.
The second calculation is done by Ball and Braun [11] . They use the tensor current dσ νσ u and the pseudoscalar currentbγ 5 d as the interpolating fields for the ρ meson and for the B meson, respectively. For the form factor A 2 , they have
where u and λ are defined as before. Note that, for this A 2 sum rules, one obtains the same result if adopting the varying external field approach. In Fig. 4(b) we show the ρ mass sum rule extracted from Eq. (49). From Fig. 4(b) we obtain m 2 ρ ≤ 0. The result seems to indicate that the tensor currentdσ νσ u is not a good interpolating field for the ρ meson as mentioned in Ref. [25] . In the same reference, the authors have pointed out that the tensor current cannot easily produce a stable ρ mass sum rule if the vacuum saturation hypothesis goes in the opposite direction:
with β 5 ≈ −2. Moreover, the authors [25] have also shown that the threshold of the excited states in their ρ meson mass sum rule turns out to be unphysically low, the sum rule is dominated by the continuum contribution, and the power corrections are rather large.
B. Numerical analysis of form factors
To study numerically the form factors, we adopt the set of parameters as shown in Eqs.
(40), (43), and [10] f B = 160 MeV, g ρ = 3.84.
The working Borel windows, which have been determined previously (Eq. (47)), are 8.5
GeV 2 < M 2 < 11.5 GeV 2 and 0.9 GeV 2 < M ′2 < 1.2 GeV 2 . In these Borel ranges, the form factors are dominated by the leading perturbative bare loop; for the A 1 form factor, the absolute value of the contribution of g sd σGd is less than 50% of the bare loop. Moreover, the contribution of induced condensate amounts to about 14% to the A 1 sum rule, while less than 4% to A 2 , A, or V . Note that unlike light-cone sum rules [3, 11] , we cannot apply "directly" the heavy quark limit, m b → ∞, to these sum rules since in that limit the series of the operator product expansion (OPE) may become unconvergent. But in the case of the B or D meson, our results indicate that the series of the OPE is in good convergence. In Fig. 3(a-d) , we plot the A 1 , A 2 , A, and V form factors at q 2 = 0, respectively, as a function of M 2 and M ′2 . We thus obtain the results on the form factors at q 2 = 0:
A 2 (0)= 0.12 ± 0.01,
where the error comes from the variation in the Borel mass, s [3, 11] or lattice QCD calculation [4] . We now consider the q 2 dependence of the various form factors. The variation of the form factors with q 2 is of great interest, since it probes the effects of strong interactions on the decay. As the property of discontinuity in Ref. [1] is mentioned (see also the discussion below Eq. (24)), the sum rules work well in the region (m
Therefore, we could obtain the q 2 dependence of the form factors over a wide range of q 2 (from q 2 =0 up about to 9 GeV 2 ). The q 2 dependence of our form factors is given by
where n = 1 for A 1 , n = 2 for A 2 , A, and V , and the fitted pole masses are m A 1 =5.45
GeV, m A 2 =6.14 GeV, m A =5.98 GeV and m V =5.78 GeV, respectively. Here the results are evaluated at the central values of the Borel mass ranges in Eq.(47). We find that our q 2 dependence of the form factors is well consistent with the pole model ansatz by Körner and Schuler [5] and recent lattice results [4] as well. In the following calculation, we will extrapolate our q 2 dependence of form factors to all possible kinematic region. The pole model ansatz may be a good approximation for the form factor behavior since it is consistent with this sum rule calculation in the region: 0 GeV 2 < q 2 < 9 GeV 2 and also in good accordance with the QCD power counting rules [26] at large −q 2 (the hard rescattering region). Moreover, by neglecting the light meson mass, we roughly obtain from Eq. (53) the
Therefore, our results agree with the prediction of heavy quark symmetry [27] in the kinematic region near zero recoil (q 2 ≈ q 2 m ),
In Fig. 6(a) we plot the lepton-pair invariant mass spectrum dΓ/dq 2 of the B → ρ ℓν ℓ decay together with dΓ L /dq 2 , dΓ + /dq 2 , and dΓ − /dq 2 . The solid curve is for dΓ/dq 2 , and the long-dashed curve is for dΓ L /dq 2 , the portion of the rate with a longitudinal polarized ρ in the final state, the short-dashed curve is for dΓ − /dq 2 , the portion of the rate with a helicity minus ρ in the final state, while the dotted curve is for dΓ + /dq 2 , the portion of the rate with a helicity positive ρ in the final state. Similarly, in Fig. 6(b 
Our results for the decay rate are given by
Since the induced condensate like Eq. (35) does not contribute to the sum rules in Ref.
[10] forB
12 s −1 from Ref. [10] . We obtain the ratios 
Taking |V cs |=0.975, we obtain B( exclusive decay processes will be published elsewhere [31] .
IV. SUMMARY
In summary, we have used the varying external field approach of QCD sum rules to compute the form factors for the semileptonic decaysB The quantities
6 , and d
6 defined in Eq. (25) read See also Ref. [10] .
[ 4(a) the ρ mass is extracted from Eq. (48), the A 1 sum rule of [1] . In Fig. 4 (b) the ρ mass is extracted from Eq. (49), the A 2 sum rule of [11] . 
